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GLOSSARY 
xf ̂ Ground link of 4-bar mechanism 
%2 Crank of 4-bar mechanism 
>^3 Coupler of 4-bar mechanism 
^ 4 Follower of 4-bar mechanism 
°<12 Crank rotation from position 1 to position 2 
°< 13 Crank rotation from position 1 to position 3 
°^14 Crank rotation from position 1 to position A 
°<X5 Crank rotation from position 1 to position 5 
P\2 Coupler rotation from position 1 to position 2 
(3l3 Coupler rotation from position 1 to position 3 
3̂]_4 Coupler rotation from position 1 to position 4 
Pl5 Coupler rotation from position 1 to position 5 
CTJ2 Follower rotation from position 1 to position 
(JJ3 Follower rotation from position 1 to position 
0~^4 Follower rotation from position 1 to position 
(TJ5 Follower rotation from position 1 to position 
T^rt cos 0 + i sin 0 
7^0 (cos 0 - 1 ) + i sin 0 
Na Real (horizontal) component of link a: a - 1,2,3, 
i/7 Imaginary (vertical) component of link a: 
a - 1,2,3, or 4 
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SUMMARY 
The accelerated interest in function generation 
since World War II has resulted in the development of a 
variety of methods for this type of synthesis. For the 
purpose of providing another method of synthesizing 4-bar 
linkages as function generators, a study was conducted of 
the simultaneous solution of closure equations by iterative 
means. 
A 4-bar linkage was represented by components involv-
ing complex numbers, from which the closure equations were 
derived. It was observed when these equations were written 
as sets, representing the initial and subsequent positions, 
that there must exist some inter-relation between the 
rotational variables. To show the inter-relation for a 
mechanism in four positions, an analysis was made of three 
closure equations written in determinant form. Then different 
combinations of the rotational ranges were chosen as para-
meters and, by iteration, mechanisms were found whose links 
satisfied the given closure equations. Nine trials were 
conducted and the results analyzed graphically to determine 
which combinations; were satisfactory for this iterative 
method. In the ninth trial a most effective combination 
was found between the range of the coupler and the ranges 
of the other links. 
A method for finding a linkage satisfying five 
positions was developed as a continuation of the four 
positions case by a different derivation of the closure 
equations, which included the coupler as a variable. An 
analytical method was also derived for determining the 
follower rotation when the crank is rotated its assumed 
full range. This analytical method enabled a computer 
program to be written which will find a mechanism satisfy-
ing five positions. 
As an example of this method, two different 4-toar 
linkages were synthesized satisfying a given function for 
five positions. 
Finally, a step-by-step description is presented 
which should enable a designer familiar with function 
generation to use the method very easily. 
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CHAPTER I 
BRIEF HISTORY OF FOUR-BAR LINKAGES 
It is not exactly clear when the first 4-bar linkage 
was developed, but it was well over 2000 years ago. The 
original notes of Archimedes (1)* describe inventions, such 
as catapults and cranes, which he built for King Hiero, all 
utilizing levers and types of 4-bar linkages. 
Ever since that time, man has been interested in ways 
of transferring and converting motion, and 4-bar linkages have 
adapted readily to many of these types of mechanization. For 
instance, Grodzinski and McEwen (2) stated at the Institute 
of Mechanical Engineers' Meeting in 1954, "Link mechanisms, 
consisting of substantially rigid members connected by simple 
turning or sliding pairs, are not only the simplest and 
oldest type of mechanisms, but are fundamental to any more 
complex machines.** However, the synthesis of linkages 
(designing to perform a desired motion), even though seeming-
ly elementary, is quite difficult to perform accurately. 
The difficulty really became acute during World War II. 
There was an obvious need for simple types of computers, in 
* Numbers in parentheses refer to items in the Works 
Consulted. 
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central fire control systems, for example, which satisfied a 
given function continuously, accurately, and Instantaneously 
for a given range of variables. While a 4-bar linkage ful-
filled these needs very well, the major problem was how to 
design a linkage accurately. 
During the war, design efforts were mostly of the 
graphical trial and error type, and these methods predominated 
until well into the 1950's. A notable example was the work 
by John A. Hrones and George L. Nelson (3) published In 1951. 
They presented a graphical series of coupler paths resulting 
when the cranks of given 4-bar linkages were rotated 360 
degrees. Their method of design was to select one of the 
linkages whose resultant paths most accurately approximated 
the desired path. As late as 1955, Allen C. Dunk (4) published 
a paper in Machine Design describing a 4-bar function generator 
for mechanically drawing curves of required functions. His 
method, one of the quickest and simplest of the graphical 
types, employed a variance in crank length to change the 
character of the resulting curve. 
The rapid development and use of high speed computers, 
however, made new analytical methods feasible. One of the 
first of these was given in a paper presented by B. W. 
Schaffer and I. Cockin (5) at the 1954 Fall meeting of the 
ASME. They developed a compatibility equation involving 
multiple derivatives of three parameters. These three 
3 
parameters were (a) the direction cosine function of the crank 
angle of a 4-bar linkage, (b) the direction cosine function 
of the follower angle, and (c) the cosine function of the 
double angle (follower angle minus the crank angle). Using 
this compatibility equation, they could predict If a 4-bar 
linkage could be designed to satisfy a given function. 
Then In 1955, Ferdinand Freudensteln (6) a foremost 
authority on analytical methods, presented a paper, "Approxi-
mate Synthesis of 4-Bar Linkages,w at the ASME Fall meeting 
In which he mentioned analytical considerations In linkage 
synthesis. 
In the Bulletin of the Virginia Polytechnic Institute 
for August, 1957, L. A. Padls (7) presented a method for 
finding the ratios between the links of a 4-bar linkage by 
locating the mutual rotational centers. These centers were 
found for a linkage In only one position, but he pointed out 
that additional positions could be obtained by approximating 
additional Instant mutual centers of rotation. 
In November, 1958, Freudensteln presented another 
paper, "4-Bar Function Generators,** (8) at an ASHE meeting, 
describing a method for linkage synthesis, employing the 
mathematics of complex numbers. He presented a computer 
program for the I.B.M. 650 which solved vector closure 
equations in pairs, and thereby found a mechanism that 
satisfied a given function precisely, for five positions. 
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The method of Freudenstein was of particular interest, but 
his system was limited to five positions by his mathematical 
procedure. It appeared, however, that it should be possible, 
by a method of iteration, to inter-relate parameters in such 
a way that more closure equations could be satisfied for a 
given linkage. The more closure equations that could be 
satisfied, of course, the more linkage positions that could 
be obtained. 
This study began as an attempt to discover whether an 
iterative procedure would indeed work. 
The first step was to derive closure equations rep-
resenting a 4-bar linkage in four positions. The next step 
was to conduct actual trials using these closure equations 
with different combinations of the parameters. When it was 
discovered that iteration would yield a workable system for 
four positions, it also seemed possible that it might well 
work for five. After satisfactorily deriving the method for 
five positions, the study was concluded; it seems likely, 
however, that the method could be expanded to find linkages 
which satisfy six, and possibly seven linkage positions. 
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CHAPTER II 
DERIVATION OF CLOSURE EQUATIONS FOR 
FOUR POSITIONS AND PROCEDURE OF ITERATION 
Each link of a 4-bar linkage can be treated as a 
vector and represented by components involving complex num-
ber notation. In the 4-bar linkage below, Figure 1, this 
was done for the initial position of the mechanism. Closure 
equations were then written as the vector sum of the crank, 
coupler, and the follower; this sum equals the ground link 
(Z-i) , since the mechanism is always continuous. 
Figure 1. 4-Bar Linkage With Links Represented By 
Their Components. 
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Letting the links in Figure 1 be represented by the vectors 
Z-±, Z2> Z3, and Z4, the first general closure equation is 
written for position 1: 
Position ,1: Z£ + Z3 + Z4 • Z± (Eqn 1) 
Figure 22 illustrates the 4-bar linkage in its initial and 
three subsequent positions. Counter-clockwise rotation is 
assumed positive. The coupler is shown in its initial 
position only. 
Figure 2. Four Positions For A 4-Bar Linkage 
From Figure 2 three additional closure equations were written 
representing the three rotated positions 2^ 3̂, and 4. The 
angle of rotation of the crank is <X degrees, of the coupler 
6 degrees, and of the follower cr degrees. All of these 
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angles were measured from initial positions to rotated 
positions* These additional closure equations are: 
Rotation to position 2: R<y12
z2 + RPl2Z3 + RCJ12Z4 * Zl ̂ E^n 2^ 
Rotation to position 3: Rex-L3Z2 + R P13Z3 + R<7i3
z4 •• Z-j_ (Eqn 3) 
Rotation to position 4: R<*i4Z2 + R?14Z3 + R(^14Z4 *" Zl ̂ E^n 4^ 
Where R^ - cos 0 + i sin 0 
Subtracting equation ̂  from each of equations 2̂ s 3_, and 4_p 
the following was obtained: 
(Ro<12-l)Z2 + (R^12""
1)z3 + CR6l2-
1)^4 - 0 (Eqn 5) 
(R^13-1)Z2 + (
Rft.3-1)Z3 + (R(T[3-1)Z4 - 0 (Eqn 6) 
(Ro<]L4~l)Z2 + (R§14-1)Z3 + CR0J4-1)Z4 - 0 (Eqn 7) 
This subtraction eliminates the ground link Z^s and the 
mechanism is thus completely defined by i t s moving links. 
Substituting the identity (R^-l) - 7i^s in equation 15, j>j 
and T_j the following forms of the closure equations were 
obtained: 
A^1 2Z2
 + ^ L 2 Z 3 + ^.012Z4 " ° ^ E q i s 8^ 
T W ^ Z g + ^ P i 3 Z 3 + ^ ^ 4 - 0 (Eqn 9) 
?^*14 z2 + ^@L4Z3 + ^ ( J 14 Z 4 " ° (E«in 1 0 ) 
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It is possible to solve these equations simultaneously for 
the unknowns, Z2, Z3, and Z4; however, it is more convenient 
to express links as ratios among themselves. The coupler 
(Z3) is therefore assumed unity and equations Bs 9^s and 10 
rewritten: 
A o c 1 2 z 2 + ^ 2
o 1 + ^ i a z 4 " ° £E(*n 1]L^ 
Ao<l3z2 + ^ L S . I + ^ 3 Z 4 - 0 (Eqn 12) 
^°<14Z2 + Z&L4'1 + ^ 4 Z 4 - 0 (Eqn 13) 
The unknown links in these equations are Z2 and Z4 which 
could be found by solving equations 1JL and 12, simultaneously; 
but the resulting 4-bar mechanism satisfied only three 
positions. When any one of the full ranges of rotation 
(°^14' ^14» o r ^14* i n ©Quation 13) is considered a variable 
and any variance is reflected back into equations 1^ and 12, 
then equation L̂3 can impose an additional position on the 
solution for Z2 and Z4. This implies that o<^2
s °^13; 
Pl2> 013; a n d °129 ^ 3 b e Pr°Portional Parts of oe14> 
@14, and (Pfe respectively. 
If a solution for Z2 and Z4 satisfying all three of 
the closure equations does exist, the following determinant 
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 a n d °K 13 are proportional parts of o< 14; 
p 1 2 and &.g ©f P 14; 0"""]Q
 an<* ~̂13 o f ^~14s *nen o n e o f t n e 
full ranges (CK^, P14? o r 0~~i4) could be determined (the 
other two remaining constant) that will cause the determinant 
to equal zero. If this value were substituted into equation 
13 and then reflected into equations JUL and 12, the resulting 
solution for links Z2 and Z4 would satisfy all three equations 
The solution of the determinant could be found 
directly and the value used to solve for Z2 and Z4, but this 
method becomes so involved an iteration process seems more 
efficient. This iteration was performed by assuming ways of 
reflecting the ranges back into the rotations in equations _11. 
and 12_9 solving for links Z2 and Z4 from equations _11 and 12, 
and then varying one of the full ranges of rotation in an 
effort to cause Z2 and Z4 to satisfy equation 12L (Equations 
11 and 12 are always satisfied by the resulting Z2 and Z4)• 
Thus, by iteration, a mechanism and a range of rotation 
value3** are found which satisfy all three closure equations* 




DETERMINATION OF A SATISFACTORY INTER-RELATION 
OF ROTATIONAL PARAMETERS 
The general iteration procedure shown in the preced-
ing chapter was used as a tool in an attempt to find a 
satisfactory inter-relation between the rotational parameters. 
It was desired to find which full range of rotation (in 
equation 13) could be varied most satisfactorily and how 
it might best be reflected back into the first two closure 
equations (11 and 12)«, The mechanics of the iterative 
trials were thus conducted as follows: 
ex? 14P p 1 4, and (TJ^ were first assumed; °^i2J 
0(. ̂ 3 and p-ĵ j, V^13 w e r e assumed to be some proportions of 
0< -̂4 and &14 respectively. With these assumed values, 
only remaining unknowns in the closure equations were Z2 
and Z Equations 11 and 12 were then solved by Cramer's 
rules, using second order determinants. 
Writing Z2 as a determinant from equations ^ and 12_ 
.gives: 
Jk = (-*»») fi«a.) 
11 
jg = (-Ap^X/Ws) "~ (A(nJ(~Ae/gy 
Or rewriting: 
X - . fogTa/fag) ~~ (^^A'Xcrra/ 
** (^XW-^^X^.s) 
(Eqn 14) 
Substituting "A^- (cos0 -1) + isin0 , the expression for 
Zo is further expanded: 
(Eqn 15) 
gosc^ - i ) + l s m o ^ ] ^ | : o s c ^ - ^ is/ncggfcosoc-^fswoc,/ ^ o S o C u t - ^ L S / / ? ^ 
Similarly Z. i s written as a determinant from equations 11 






* * ~ W-OCJCAOJJ; - (^orJUoos) 
Or rewriting in the form: 
j£ _ (^^HAo<a) — <X<x,zX\e,z) (Eqn 16) 
Again, making the substitution A.0- (cos^ -1) + isin^ , this 
expression for Z. is further expanded: 
fcosftg-1)+ 6 sfo ̂ g]j(cos^5-^s;/7o(/5] ~ |cos^/2-i> cs/no(<g" 
(Eqn 17) 
cospa-JD+tS/nfo" 
Equations 14_ and 1£ were initially expanded using the identity 
?ii> Ay "^i**- " A^ - Ap» but it was found that a large in-
accurapy frequently resulted due to the subtraction of "nearly 
like" numbers, sometimes reducing the remainder to as few as 
two significant figures. Obviously when these remainders 
were then further operated on (multiplied, divided, etc.), the 
final resulting solutions for Z2 and Z4 represented a large 
accumulative error. It was found when the resulting 
mechanism was plotted and rotated, it did not satisfy the 
first and second rotations exactly. Several times, an error 
in excess of 50% was observed. Therefore, equations 14 and 
16 were expanded as shown into equations .JLJ5- and JL7_ and the 
rafitiplication performed. 
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After the initial multiplication, the numerator and 
the denominator were multiplied by the conj ugate of the 
denominator. The denominator was reduced to a single term 
by addition, and divided into each term in the numerator. 
Then the resulting like terms were collected and the result 
became the solution for Z0 or ZA. The result took the form: 
2 4 
Z - N + ±71 
Where N is the real (horizontal) component of the link, 
and i7? is the imaginary (vertical) component of the link. 
At this stage in the development, an I.B.M. 650 
computer program was written and employed in the simultaneous 
solution of equations 15_ and 1]_ for links Z2 and Z4. This 
program for the four positions case is shown in Appendix A. 
The resulting mechanisms determined by Z2 and Z4 
were constructed graphically and the crank rotated the 
assumed o< 1 4 degrees. Rotation of the follower was then 
measured and compared with desired <T^4, appearing in the 
third closure equation, J^** Obviously, if the angle of 
rotation of the follower, resulting from the o< crank 
14 
rotation was not equal to assumed (T^., then equation 13 
was not satisfied. Thus, one of the assumed ranges and/or 
the proportions of this range, which reflects rotation 
(1-4) back into rotations (1-2) and (1-3), was varied in an 
*Of course, all rotations in equations 11 and 12. were 
always satisfied by the resulting mechanism. 
14 
effort to satisfy equation 1̂3 by causing the resulting (7Ĵ  
to approach the assumed <7T%. In this way, the iteration 
process was conducted for many different trials in an effort 
to determine which range was best varied., and how it was 
best reflected back into its subranges of rotations. The 
"best" method was determined by actually trying different 
combinations of the parameters and analyzing the results 
graphically to see which yielded the most workable mechanism. 
To avoid basing a conclusion on only one function, 
three, and in some cases four, different functions were 
mechanized for each different trial. The following table 
was constructed for the nine trials conducted, showing 
assumed variables for full ranges of rotation, the assumed 
functions of the sub-rotations, and the corresponding 
results• 
Table 1. Summary of Trials 
Trial No, Rotational Ranges Sub-Rotation Functions Results 
Variables Constants Crank Coupler 
1 ^14 °<14» ^14 
°< 12-5-^14 @i2-yri4 
? 13-1^14 
No converging trend was 
observed for the normally 










The resultant follower 
rotations (^4) were vir-
tually the same as those 
observed in Trial #1, and 
no converging trend was 
indicated. 
3 OTA °<14' V14 
°< u-y^M 
^w-f^w 
^ 1 2 - f ^ 
Pl3-ff^ 
A definite diverging trend 
was observed for the result 
ing values of 1 4 in three 
of the four equations mech-
anized. The fourth equation 
resulted in a mechanism in 
wMch the crank could not be 
rotated the desired full 
rangeo<14* 
•This function was given by the equation being mechanized. 
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Table 1. Summary of Trials (Continued) 
Trial No* Rotational L Ranges Sub-Rotation Functions Results 
Variables Constants Crank Coupler 
4 
<Tl4 





The additional condition of 
letting ̂ i4 vary propor-
tionally with<7~J4, had no 
apparent effect in causing 
the resulting values of <r-J4 
to be any different from 
those observed in Trial #3. 
Therefore, the resulting 







This trial was conducted to 
investigate how these func-
tions alone for the crank 
and coupler affected the 
resulting value of <Jj_4. The 
resulting mechanisms were so 
out of proportion that it was 
impossible to graphically 
construct them. In one case 
the coupler was 1200 times 
larger than the crank. 
•This function was given by the equation being mechanized. 
Table 1, Summary of Trials (Continued) 
Trial No. Rotational Ranges Sub-Rotation Functions Results 
Variables Constants Crank Coupler 





Large variations in the 
ranges of the cranks re-
sulted in extremely small 
variations in the resultant 
ranges of the followers• 
7 * 1 4 §14. <^4 
°<12-r*(°<14) ri2"j Pi4 
§13"f 014 
The cranks and followers of 
all the resultant mecha-
nisms were several hundred 
times larger than their 
respective couplers, 
8 





Because the sub-rotations 
for all three moving links 
were the same function of 
their respective ranges, 
all resultant mechanisms 
bordered on "parallelogram-
ism." This led to unpro-
portioned mechanisms, which 
were difficult to construct 
graphically. Therefore, no 
conclusions were reached 
concerning convergence or 
divergence of the resulting 
rotations of the follower. 
It Was interesting to note 
that whencK^-OJ^, and 
^4-0, a parallelogram re-
sulted. 
*This function was given by the equation being mechanized, 
Table 1. Summary of Tr ia l s (Concluded) 
Trial No. Rotational Ranges Sub-Rotation Functions Results 
Variables Constants Crank Coupler 
9 £l4 <*14, 014 
^12-^*14 
°<13-f*14 
^12" 3 ^14 
$L3-f £l4 
The systematic variance of 
the range of the coupler 
caused the resultant fol-
lower rotation (CTJ4) to 
converge upon the desired 
value of<rj4* The result-
ing mechanisms were well 
proportioned) enabling 
graphical constructions to 
be easily made. This trial 
was included in the appen-
dix to show details of how 
the convergence of the re-
sulting 0~i4 was determined. 
00 
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Conclusions. —-Certainly many more combinations are possible; 
however9 those presented seem most obvious, Thus, when a satis 
factory inter-relation of parameters was found in the ninth 
trial, the series was concluded. The methods by which all nine 
trials were conducted are very similar; the details of trial 9_ 
*> 
are included in Appendix B to illustrate the method. 
The graphical analysis of the resulting (7J4 w&s not 
sufficiently accurate to enable the results of a small 
interval of variance of (̂ 4 to be observed. For example, in 
trial £3 it was found that some value between 30.0 and 36.0 
degrees for (3,. would cause the resulting (pr*^ to approach 
the desired value of $14', finding this value of ^̂ .4 with 
any accuracy was difficult though because the graphical 
analysis of (JJ4 easily contained an error of 4- 0.2 degrees, 
even though the mechanisms were plotted to a very large 
scale. Thus, it became necessary to analyse the resulting 
(T[4 by analytical means. It was observed, however, during 
the derivation of an analytical method for the analysis of 
<JJ°4, that it would be possible to expand this iterative type 
of system to include more than four positions by introducing 
additional variables, and writing more closure equations. 
Thus, closure equations were derived for five positions by 
including the coupler as a variable and using the combination 
of parameters found in trial SL The analytical method for 
determining the resultant follower rotation was, therefore, 
derived for five positions instead of four. These derivations 
are shown in the next chapter. 
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CHAPTER IV 
DERIVATION OF CLOSURE EQUATIONS AND ANALYTICAL 
METHOD FOR DETERMINING RESULTANT FOLLOWER 
ROTATION FOR FIVE POSITIONS 
Derivation of the closure equations for five positions 
was similar to that for four positions, in that it also 
involved complex numbers, which represented vectors and 
the complex rotational methods. The derivation was begun 
by drawing a 4-bar linkage in five positions. 
Figure 3& 4-Bar Linkage Shown in Five Positions* 
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For clarity, in Fig, 3, the coupler is shown in its initial 
position only. All rotations are positive, counter-clock-
wise as shown. 
Vector equations for the mechanism in Fig. 3, in its 
initial and rotated positions, were written: 
Position 
1 Z2 + Z 3 +
 z4 " zl (Eqn 18" 
£ Ro<-i jjZp + Rf i inZo •+• ft (J"I O^A sm Z-I 
3 Rcx13Z2 + R£i3
z3 + R0J3Z4 -
 zi (Eqn 20) 
4 R<xi4z2 + R$14z3 + R<TL4Z4 " Z I (Eqn 21) 
5 R<*15Z2 + R^15Z3 + RO15Z4 - Z-L (Eqn 22) 
Instead of eliminating the ground link (Z±) by subtracting 
equations as in the derivation for four positions, Z-j_ was 
assumed unity, with the coupler considered a variable. 
Zi -» 1.0 + iO.O, equations 1J9 20_, and 21_ were solved simul-
taneously for the three unknowns Z2, Z3, and Z4. These 
solutions are actually ratios to unity, due to the assumed 
value for Z\* The method of varying the range of the 
coupler, as found in trial £, was then used to satisfy 
equation 22̂  by iteration. 
From equations lj), 2£, and 2\_ the solution for the 
crank (Z2) is expressed as: 
22 
z* R-piz "R-Ofe 
z<± ^ , 3 ^Tfe 
Zi Kpn R^ 
R-*tz ^-fta ^°fe, 
R<X|3 # f o ^(TfB 
'vo</^ /tle^ ^-^If 
Expanding and grouping terms g i v e s : 
g/frte, ^crt. + ^ft* gca-t^ft* ?*gfr) -^>/(^q7fe 72e/? + fto* 7fe,»+ Kfe ft.^) 
The numerator was expanded further by substituting unity for 
Z-̂ , and using the rotational identity 7?^=cos^)4-c Sin § 
Since the denominator was the same for the determinants of 
all three links, it was of course only expanded and evaluated 
once. This is shown on page 27, following the expansion 
for the follower (Z^). 
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* * = (Eqn 23) 
L d§os?u + i sin ft^os eft +1 sin gft.)+£os e,2 + £ sfa fe)(c°5 <% +15/>? g% ) 
+ 
(cosft̂ -*- ts/'n^^osgrz + isinqij 
DSA/OM 
Kcfe05^*1^ *iQ($os p,y + isin fa)+(c°
s <fe + i s in q^)(cos fo * ism ftj) 
Z>£A/OM 
, (pos P<2 + i s m P<2)^Q5 07; 4- is/nqft.)] 
i ) £ A / O M 
Now, in the same manner, the determinant for the coupler 
(Z3) i s w r i t t e n : 
z, -
W/S 
/ C o / ^ > 
'5 
«*,„ ~ / ^OX /J 
72 ̂  -^/ ^ < 7 J . 
DsEfctpsA 
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The numerator of this determinant is expanded further by 
substituting unity for Z^, and using the rotational 
identity ?t^ * cos 4> -hi sm $ . 
3E/(ft°<ia 7l(nC + ftgftftofrtt."+ %oo3#q& )—Jgjv^gfe fe*y» + #o%r^002.+ ^°</g 7B<?7v) 
U D ^ A / O A / J 
* . = (Eqn 24) 
/.^|Ccoso<ia + Isinoj^os ofr -f- (s/'r> gjQ+fcos qfc + ls/na%)(cos°<lit + isin°^ 
+ 
^QSo</s+ isiV^/^jcoso^ + is/Vyfl^}] 
2>£hJOAA 




 + is/ncg)J 
DEAJOAA 
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Similarly, a determinant for the solution of the follower 
(Z4) i s written: 
*-fe **« *" 
*%> * f c Z< 
'¥ ~ 
DSA/OA* 
Expanding and grouping terms gives: 
Z/ty?<KtZ ~R>&3 "*~ "R$IZ Ro</++Ro<,3 #P/»J "Z,(^i^l3 T t̂H- + ^PiH- ft>0<tZ+ R&IZ ft*!*) 
2>£r*/OM 
Letting Z - 1.0 + iO.O and substituting the identity 
^ = cos <f> + Lsimk : 
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* * = (Eqn 25) 
/.0^°s°<iz+ Lsin<xlz)(cospls + Lsin fa)+(gospiz+ism ^t2)(coso<H+isino<^ 
-DSA/OM 
+ £ 05o /̂g + 6S//>ofa)C
CQS ft»+ ̂ S/>? P/»)] 
/. £?1<JF OS ftg+ fe/ /? p^QS^»+ LSinXl*) + ^Qsfl»^ ISfa fif)^QS°^/g + 6S//?°̂ > 
^ i f - V O ^ l 
<£OS$tZ + LSin fa^OSc*^* IS/flofe)] 
J}£~A/OAA 
Finally, the denominator, which is the same for all three 
links Z , Z„, and Z , was evaluated. The denominator has 
already been shown in a determinant and In the expanded 
form, in conjunction with the crank (Z2)» on page 22, but 
is repeated as follows for the sake of continuity, 
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The denominator; 




Expanding and grouping terms gives: 
fc**P„R* ̂ V ^ ^ ^ V ^ ^ ' V " ^R^V^'Ml} 
Substituting the identity ^ ^ = c o s & + L S//7 $ I 
(c°s<*/2 + Isinx^feos |9/5 + is/
-/) p#)(Fos <rf*f + isin<Tj'tt} 
+ (£os o</5 + is/ n<*/5)£ os p^ + ism p^)^^S(7^ •+1 s//) <r£) 
+ (cos p/2+ is/V>(3,a)<cos«^ + is/7? (^ )§os<x,++isino<ilh) 
— ^os <^+ is/A? <^ )£os ft5+ Ls/n p/3J)(co^o<^ + Lsi»o<ltt) 
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\L'(coso</a+ lsino<iZ^(cos^isin ^^os(r3 ^isino^) 
At this point an I.B.M. 650 computer program was written 
for the solutions of equations 23̂ , 2£, and 2£. This program 
for five positions is shown in Appendix C. 
Analysis of the resulting range of follower rotation 
( 0~\§) t when the crank was rotated its assumed full range 
(o<15), was previously performed by graphically constructing 
the resulting mechanism and actually measuring the rotation 
of the follower. However, due to the inaccuracies of this 
method, an analytical method was derived to determine this 
resultant follower rotation. This method enabled the 
iteration of the coupler range to be performed with great 
precision, because small variations in the resulting 
follower range could be observed, 
Derivation of Analytical Method For Determining Resulting 
Follower Rotation For Five Positions.—For this derivation, 
equations 18 and 22 are repeated: 
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Z 2 + Z 3 + Z 4 " Z l ^ E q n 1 8^ 
R<*15Z2 + R P l 5 Z 3 + R n 5 Z 4 " Z l (E<ln 2 2 > 
S u b t r a c t i n g e q u a t i o n j^8 from e q u a t i o n 22 g i v e s : 
(ReC1 5- l)Z2 + ( R p 1 5 - l ) Z 3 + (Rcri5- l )Z 4 - 0 
And by substituting the identity (R^-l) - *.£, where 
^A - (cos^-1) -i- isin^ , the result is: 
A°<15Z2 + *ft.5Z3 + A<ri5Z4 " ° (Eqn 2 6 ) 
Solving equation 26 y^^ yields: 
y \ . _ ~*°<15Z2 " ?lftl5z3 
^ ^ 
Letting the components of each link be represented by 
za " Na + ^a> (a - 2> 3> 4), and substituting the above 
identity for A^15 a n d ^-Pi5» tne result is: 
(Bqn 27) 
x _ - j ^ ^ s - 0 + tsfoiXfsJflt +i%2- jpos ft5- Q+lsinpljN3+172^] 
The numerator and the denominator are multiplied by the con-
jugate of the denominator. The fraction is then reduced by 
division and the result takes the form: 
A ^ - N + i# 
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Subs t i tu t ing the subtract lona l rotat ion Ident i ty for AtT^: 
^<Tl5 " (cosQl5 - 1) + is ino^g - N + ±72 
Grouping r e l a t e d terms: 
cosg^5 - N + 1 ; i s i n ^ 5 - ±71 
Dividing Imaginary term by rea l term: 
i s i n o f 5 1 7) ^ ^ 
1 5 - c - tanorl 
cosGfg N + 1 
So, the f i n a l express ion for (prv i s : 
ols ' "ro tan(ir?-r) 
This analytical method was programmed for computer solution 
and Is Included In Appendix C as part of the method for 
five positions. 
Thus, each resulting mechanism,(Z2, Z3, ZA along 
with values for the ranges of the crank and the coupler, 
were substituted Into equation 2̂7 to find the value of 
follower rotation. 
Being able to determine this resultant value by 
computer means makes It possible to conduct the entire 
Iteration method accurately and quickly In one computer 
session. This computer Iteration process Is described In 
the following chapter, 
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CHAPTER V 
ITERATION PROCESS WITH THE I.B.M. 650 COMPUTER 
The following is a brief description of the iteration 
method as performed on the computer. Steps 1 through 3 
were performed by the operator and entered as data cards to 
the computer. The actual computer operation began with 
step 4. 
1. Values f©r<x,_» ^15* and G~i5 were assumed. 
2. The sub-ranges for the crank and the coupler 
are determined by making equal divisions of 
o<15 and @ 1 5. 
3. The sub-ranges for the follower were determined 
by the function to be generated and the assumed 
value for crfc* 
4. With these sub-ranges known, equations 23^ 24, 
and 25̂  were solved simultaneously for Z«» Zg, 
and Z.. 
5. Results for Z„, Zn, and Z.y along with the 
assumed values for o<15 and B\$t were then 
substituted into equation 21_ and the resulting 
value for 0-J5 was found. 
6. The resulting value of (7-J5 was compared with the 
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desired (originally assumed) value of 0"^. 
This comparison was made by subtracting the 
desired 0^- from the resulting 015• I f t h e 
result was plus, the originally assumed range of 
the coupler ( 615) was reduced by 4.0 and its 
sub-ranges reduced proportionally. 
Using these new values for the coupler rotation, 
Z2j Zg, and Z4 were again solved for. 
The resulting {J-J5 was determined again as in 
step 5. 
It was hoped that this second resulting value of 
(7̂ 5 would be closer to the desired value of (T\$ 
than before. If it were, the equation being 
mechanized was such that a decrease in the range 
of the coupler caused a decrease in the resultant 
range of the follower. If the equation being 
mechanized is such that a decrease in the range 
of the coupler causes an increase in the re-
sultant range of the follower, then one program 
card must be changed to cause the iteration to 
proceed in the right direction. (This is ex-
plained completely in the outline in Chapter VII.) 
When the resulting value of (TJg was closer to the 
desired value, the iteration was allowed to 
proceed. The computer further reduced by 4.0, 
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each time, the rotational value (815) of the 
coupler. Finally the resulting C"l5 becomes less 
than the desired crfs* Then the last values by 
which the coupler ranges were reduced were added 
back, and the iteration again continued; however, 
now the ranges of rotation of the coupler were 
reduced by 1/10 of what they were before. There-
fore, the resulting 0^5 now approached more 
slowly the desired 0*15• 
10. This loop consisted of (a) reducing the values 
of the rotations of the coupler and causing the 
resulting crfs to become less than the desired 0~i5> 
(b) adding this interval back to the coupler's 
rotations, and (c) continuing the iteration 
with smaller values for reducing the coupler's 
rotations. This loop was made four times. 
11. When the computer completed four loops, the final 
resulting mechanism was given, along with the 
final value of 3 15* 
This process was completely automatic and, once 
begun, the operator had only to observe the first two 
resulting values for G\*> t o ascertain that the iteration was 
proceeding in the proper direction. If not, the computer was 
stopped, one card in the program changed, and the process 
again started. The card change then assured the proper 
34 
trend for the Iteration* 
The next chapter shows an example equation mechanized 
by this method. 
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CHAPTER VI 
MECHANIZATION OF AN EXAMPLE EQUATION FOR FIVE 
POSITIONS BY THE COMPUTER ITERATION METHOD 
The equation used for this illustration was the same 
one used in Trial 9. That is: 
f(x) - 3x2 + 5x 5 < x < 10 
The first assumed ranges were: 
°<15 " 60*° 
§15 * 30-° 
(Ti5 - 80.0 
However, it was observed that the resulting <rj5 was below 
the 80*0 degrees desired and decreasing as B 1 5 was decreased. 
Therefore, a higher value of 8 1 5 - 53.0 degrees was assumed 
as a starting point for the iteration. (This value could 
have been any value greater than 45.748 degrees, which is 
the value previously found by the iteration to satisfy all 
closure equations. Of course, the resultant B 15 value is 
not known normally. In such cases, assumed values would be 
increased until the resultant (7-J5 becomes greater than 
80.0 degrees.) With assumed values given below, the 
iteration made four loops to completion. 
Assumed Ranges: 
* 1 5 " 
P l 5 -
<Ti5 " 
6 0 . 0 
5 3 . 0 
8 0 . 0 
F u n c t i o n s : o< 1 2 if 1 5 
°<13 
<*14 
" f - ^ 1 5 
- f ° < 1 5 
F u n c t i o n s : ^ 1 2 - ^ § 1 5 
Pl3 
£>14 
—f" $ 1 5 
P o s i t i o n X f ( x ) <X § a-' 
1 5 . 0 0 100 .0 0 0 0 
2 6 . 2 5 148 .43750 15 .0 13 , ,250 15 .50 
3 7 . 5 0 2 0 6 . 2 5 0 3 0 . 0 2 6 . 50 3 4 . 0 
4 8 . 7 5 2 7 3 . 4 3 7 5 0 4 5 . 0 39 , ,750 5 5 . 5 0 
5 1 0 . 0 3 5 0 . 0 6 0 . 0 53 , ,0 8 0 . 0 
The following Is a list of cnV values and corresponding 
&.(., as the Iteration proceeds: 















1 s t Loop 
P 1 5 Decreased By 
Steps of 4 .0 
5 80.046845 48.60 
6 80.044037 48.20 
7 80.034246 47.80 
8 80.026618 47.40 2 n d Loop 
9 80.022906 47 .0 
> 
&15 Decreased By 
10 80.012544 46.60 Steps of 0.40 
11 80.010898 46.20 
12 80.005307 45.80 
13 79.995360 45.40 
14 80.005307 45.80 
15 80.000572 45.760" 3 r d Loop 
16 79.999239 45.720 > 8^5 Decreased By 
17 80.000572 45.760 Steps of 0.040 
18 80.000245 45.7560 4 t h Loop 
19 80.000231 45.7520 > A^g Decreased By 
20 79.999764 45.7480 Steps of 0.0040 
Thus, the iteration made four loops with the value of the 
resulting (7̂ 5 converging upon the desired value of 80.0 
degrees. At the end of the fourth loop the resulting 
mechanism was given by: 
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- -4.0454520 - 10.13609441 
- 4.3312001 - 10.48042940 
- 0.71514450 + iO.61720100 






This mechanism satisfied five positions for the given 
function.. But if for some reason this mechanism was not 
satisfactory because of space considerations, etc., a 
different result could have been obtained by changing either 
the assumed range of crank (c<15) or of follower (0I5). As 
in the above mechanism, a large crank and coupler as com-
pared with the follower might have been undesirable, or 
possibly a larger spread of the range of the follower would 
have been desired. As a second part of this example, 
another mechanism was designed for the same function, only 
assuming a different value for the range of the crank 
( ̂ 15) • Of course, a different 6^5 would result, so to 
save time a new starting value for ^>15 was assumed. 
Assumed Ranges: 
oi 1 5 - 120.0 
£>15 - 100.0 
<Tl5 " 80-0 
Functions: 
Functions: 
<*12 "£ °< 15 
°<13 "f" °*15 
* 1 4 - ? * 1 5 
£12 'if £15 
^13 - f $15 
£l4 "f £l5 
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Mechanize the function: 
f (x) - 3x + 5x 5 < x < 10 
Position X f(x) c* P a-
1 5.00 100.0 0 0 0 
2 6.25 148.43750 30,0 25.0 15,50 
3 7.50 206.250 60.0 50.0 34,0 
4 8.75 273.43750 90.0 75.0 55.50 
5 10.0 350.0 120.0 100.0 80.0 
The following is a list of resultant values of n-r_ with 
v lo 
corresponding values of 615> as the iteration was performed; 









9 6 . 0 
9 2 . 0 
> 
1 s t Loop 
^15 Decreased By 
4 80 ,042084 9 6 . 0 
Steps of 4,0 
5 80 .029726 9 5 . 6 0 
6 80 .017545 9 5 . 2 0 2 n d Loop 
7 80 .005243 9 4 . 8 0 
> 
Q-.C Decreased By 
8 7 9 , 9 9 3 6 2 9 9 4 . 4 0 Steps of 0.40 
9 80 .005243 9 4 . 8 0 
















3 r d Loop 
R^g Decreased By 
Steps of 0.040 
15 80.000430 94.640 
16 80.000167 94.6360 














4 t h Loop 
P 1 5 Decreased By 
Steps of 0.0040 
22 80.000001 94.6120 
23 79.999977 94.6080 
The resulting value of 6 ^5 - 94.612 degrees corresponds 
to the resulting value of 0^5 - 80.000001 degrees. The 
mechanism for this was given by: 
Results: Z0 - 0.35827410 + i 3.8790479 
Z 4 
-2.2692823 - 1 6.5969343 
2.9107710 + 1 2.7257753 
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30.0 __ 
Figure 5. Mechanism Satisfying Given Function For 
Five Positions. 
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The resulting mechanism was entirely different from 
the one previously designed, which also mechanized the given 
function for five positions. Link Z^ in both of these 
mechanisms was equal to 1,0 + i 0. This yielded a simple 
check that solutions of equations 19, 2£» and 2_1 were correct 
results for Z«, Z3, and Z4« As a check that the iteration 
gave a valid solution for all four closure equations, li) 
through 22p it was shown that the resulting value for the 
range and all corresponding values for the equal sub-ranges 
of the coupler caused the following fourth order determinant 
to equal zero. The determinant was written for closure 
equations ]JJ through 22^ repeated below with Z^ - 1.0 for 
ease of inspection* 
R°<12Z2 + RPl2Z3 + R0l2Z4 " 1*° < E q n 19) 
R<*13z2 + R Pl3z3 + R0l3z4 - 1.0 (Eqn 20) 
Ro<14Z2 + R ^ 1 4 Z 3 + Ral4Z4 -1.0 (Eqn 21) 
R °<15Z2 + R £l5Z3 + R(7l5Z4 ~ X*° (Eqn 22^ 
The fourth order determinant is: 
Rc<12 R Pl2 R<r12 ~ lo° 
Ro<13 R Pl3 R0l3 " 1*° 
Ro«14 R 614 R^14 - l.< 
R<*15 R^15 Rol5 - 1*0 
substituting values for the rotation in the last example, 
found on page 40, the determinant becomes: 
R30 R23.653 R15,5 " 1*° 
R60 R47.306 R34.0 " 1*° 
R90 R70.959 R55,5 " 1'° 
R120 R94*612 R80,0 " 1*° 
Note that the value of 94,612 degrees is used for the 
value of £15„ and the sub-ranges are equally divided parts 




R60 R47.306 R34.0 
R90 R70.959 R55.5 
Ri»A
 R 9 4 . 6 1 2 R 8 0 . 0 
- 1 
R30 R 2 3 . 6 5 3 R 1 5 . 5 
R 90 ^ 0 . 9 5 9 R 5 5 . 5 
R120 R 9 4 . 6 1 2 R 8 0 . 0 
- U 
R 30 R 2 3 . 6 5 3 R 1 5 . 5 
R60 R 4 7 . 3 0 6 R 3 4 . 0 
R 120 R 9 4 . 6 1 2 R 8 0 J 
-1.0 
R30 ^3.653 R15.5 
R60 R47.306 R34.< 
R90 R70.959 R55.5 
These third order determinants were further expanded 
by substituting the identity Kd> •» cos<f> + isin<£ for each 
of the rotations. The expanded forms are not presented, 
however, because they are very lengthy. The final numerical 
solution, of course, involves two parts: an imaginary part 
and a real part. The solution was indeed very close to 
zero, and within the accuracy of the significant figures in 
the computer results for p^g (five figures), it is equal 
to zero. 
The result is: 
0.0000627 - i 0.000091 
Therefore, it was shown that this iteration method did yield 
valid results for five positions. 
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CHAPTER VII 
OUTLINE ILLUSTRATING THE USE OF IBM 650 COMPUTER FOR 
FUNCTION GENERATION OF FIVE POSITIONS BY ITERATION 
This final chapter is presented as a guide to enable 
anyone familiar with equation mechanization to use this 
method without studying all the theory involved in the 
process. Directions for this method follow: 
1. Assume desired ranges for the crank (o<15) 
and follower (<rf5) » and a starting value for the range of 
the coupler ( ̂ 15)• Recommended ranges are: 
Follower: 70 to 100 degrees 
Crank: 60 to 120 degrees 
Coupler: Usually about 20% less than the 
range of the crank 
2. Construct a table in the following form: 






Crank Coupler Follower 
Rotation Rotation Rotation 
0 0 0 
i * 1 5 £?15 012 
f °<15 £@15 013 
£ * 1 5 £fca 0l4 
<*15 £15 015 
47 
The desired full rang© of x is equally divided between the 
five positions; then from the equation to be mechanized the 
corresponding values for f(x) are determined. The values 
for the sub-rotations of the crank and the coupler are 
equal parts of the assumed values for the ranges of these 
links. For example: If o<15 is assumed to be 60.0 degrees, 
then o<j^2 m 15«°s> °^i3 " 30.0, and °<i4 • 45,0 degrees* 
Of course? values for ofa
9 ^13* an{* 014 are proportional 
parts of the assumed full range of the follower (o^5)» 
as determined by the equation to be mechanized. 
3. With this table complete, cut the data cards for 
the I.B.M. 650 computer, according to the Bell General 
Purpose System. The data input cards are shown in Appen-
dix C. These data go on cards 374 and 375 in the following 
Address Data 
701 F°<15 
702 f * 1 5 
Card 374 
703 ^ ^ 1 5 
704 £pl5 
705 V-^15 







710 (J! 5 
711 4,0000000| Always use 
712 180*00000 | these values 
4* With these data cards punched and the rest of 
the program cards punched exactly as given in Appendix C, 
the program is ready to toe run, 
5. The first result card will he punched in about 
20 seconds after the computation is begun, followed by a 
second card about four seconds later. This first card 
gives the value of the full range of the coupler ( 8^5) 
used in that iterative trial, and the second card gives 
the resultant value of the follower rotation (afe) corres-
ponding to the value of S I R * Since the computer auto-
matically makes another trial run with reduced values for 
the coupler ranges, the third card punched is the new value 
for Sic* The fourth card is the second resultant value 
of the follower rotation (flfe) corresponding to the 
new £ 1 5 . 
Thus 9 as the iteration proceeds the odd number 
resultant cards are the values for the Sis*15 t r i e d and 
have an address of 641, and the even cards are the corres-
ponding resultant QTs'8 a n d n a v e a n address ©f 677. The 
operator must observe at least the first two resultant 
values of the follower rotation (0J5) an<* compare them with 
the desired value of the follower range« If the resultant 
values are converging, the iteration should be allowed to 
continue and no further attention is necessary. If the 
resultant values are diverging from the desired value, then 
the iteration must be stopped and card 334 A, (see Appendix C, 
page 65), substituted for card 334 in the program. After 
this observation, and substitution of 334 A, if necessary, 
has been made, the iteration process will proceed auto-
matically until the final mechanism is punched, and the 
computer program stops• The mechanism is punched on three 
cards as follows: 
Address Address 
Crank: 555 i 556 
Coupler: 603 1 604 
Follower: 637 1 638 
These results represent the components of the links 
in the conventional complex number notation* As a check on 
the results other than the rotational one, the ground link 
resulting when the links of the mechanism are constructed 
should be equal to 1.0 + 1 0.0. The running time for the en-
tire iteration process is usually about 10 to 15 minutes. 
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A P P E N D I X A 
5 
BGPS PROGRAM ORDERS FOR FOUR POSITION CASE 
01 +9 800 001 000 P . P . No, 1 
02 +0 353 601 500 i s i n o< 12 — | 
03 +0 354 601 501 COS oC T O 7lc* 1 2 
04 +1 501 607 502 (COS 0< jr j ~ D -
05 +0 353 602 503 i s i n o< TO ~~*7 
06 40 354 602 504 c o s o< 13 Xcx13 
07 +1 504 607 505 ( c o s C < - I Q • - D -
08 +0 353 603 506 i s i n @ 1 2 
09 +0 354 603 507 cos p 1 2 A ? 1 2 
10 +1 507 607 508 (cos ^ 1 2 - D -
11 +0 353 604 509 i s in £ 1 3 
12 +0 354 604 510 c o s £ 1 3 * ? 1 3 
13 +1 510 607 511 ( cos ^ 1 3 - D -
14 +0 353 605 512 i s i n (rfo « 
15 +0 354 605 513 COS 0-Jg 3-012 .. 
16 +1 513 607 514 ( cos (j"J2 - D -
17 +0 353 606 515 i s i n <Ti3 
18 +0 354 606 516 c o s ( ^ 3 Affjg 
19 +1 516 607 517 ( cos 0-^3 - D -
20 - 2 500 515 518 - ( s i n o < 1 2 ) ( s i n 0^3) 
21 +2 500 517 519 ( i s i n o < 1 2 ) ( c o s (j^3 - 1) 
22 +2 502 515 520 ( i s i n 0^3>(c©s o< 1 2 - 1) 
23 +2 502 517 521 ( c os c* 1 2 " • 1) ( cos (7*̂ 3 -
24 +1 518 521 522 518 + 521 
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BGPS PROGRAM ORDERS FOR FOUR POSITION CASE (Continued) 
25 +1 519 520 523 519 + 520 
26 +2 503 512 524 -(sin o<13) (i sin <7J2) 
27 -2 503 514 525 -(i sin ©<13)(cos jj2 _ l) 
28 -2 505 512 526 -(i sin 0"J2) (
cos 1̂2 " *) 
29 -2 505 514 527 -(cos ^13 - 1) (cos 0̂ 2 -
30 +1 524 527 528 524 + 527 
31 +1 525 526 529 525 + 526 
32 +1 522 528 530 522 + 528 - D 
33 +1 523 529 531 523 + 529 - id 
34 -3 506 515 532 (i sin 012) (i sin (r[3) 
35 +2 506 517 533 (i sin p12) (cos 0^3 - 1) 
36 +2 508 515 534 (i sin <rj3) (cos £ 12 - 1) 
37 +2 508 517 535 (cos p 1 2 - 1) (cos p 1 3 - 1) 
38 +1 532 535 536 532 + 535 
39 +1 533 534 537 533 + 534 
40 +2 509 512 538 -(i sin p13) (i sin ^2) 
41 -2 509 514 539 -(i sin p13)(cos £ 1 2 - 1) 
42 -2 511 512 540 -(i sin <T̂ 2) (cos @ 1 3 - 1) 
43 -2 511 514 541 -(cos p i 3 - 1) (cos (T^2 ~ 1 
44 +1 538 541 542 538 + 542 
45 +1 539 540 543 539 + 540 
46 +1 536 542 544 536 + 542 - (n) ̂  ^ 
47 +1 537 543 545 537 + 543 - i(n)J *& 
48 +2 530 544 546 D(n) 
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BGPS PROGRAM ORDERS FOR FOUR POSITION CASE (Continued) 
49 +2 530 545 547 (D)i(N) 
50 -2 531 544 548 -(id) (n) 
51 +2 531 545 549 (id) (iN) 
52 +1 546 549 550 ( n )z2 
53 +1 547 548 551 (iN)z2 
54 +2 530 530 552 D2 
55 +2 531 531 555 (id)2 
56 +1 552 553 554 552 + 553 
57 +3 550 554 555 N2 
58 +3 551 554 556 i7?2 
58a +7 300 555 556 Punch Z2 
63 
64 
- ( i s i n < x 1 2 ) ( i s i n @13^ 59 - 2 500 509 557 
60 +2 500 511 558 ( i s i n c K ^ J C c o s Q 1 3 - 1) 
61 +2 502 509 559 ( i s i n p 1 3 ) ( c o s c ^ ^ - 1) 
62 +2 502 511 560 ( cos c < 1 2 - 1) ( cos p 1 3 - 1) 
+1 557 560 561 557 + 560 
4-1 558 559 562 558 + 559 
65 +2 503 506 563 - ( i s inc*- ,^) ( i s i n ^ 2 ) 
66 - 2 503 508 564 ~ ( i s i n c * ] ^ ) ( cos p ] ^ - 1) 
67 - 2 505 506 565 - ( i s i n ^ 1 2 ) (coso< 1 3 i- 1) 
68 - 2 505 508 566 - ( c o s c * ^ - 1) ( c o s p>12 - 1) 
69 +1 563 566 567 563 + 566 
70 +1 564 565 568 564 + 565 
BGPS PROGRAM ORDERS FOR FOUR POSITION CASE (Concluded) 
7 1 +1 561 567 569 561 + §67 - oo Y 
72 +1 562 568 570 562 + 568 - i ( N ) _ / 
7 3 +2 530 569 571 D(n) 
74 +2 530 570 572 (D) i (N) 
75 - 2 5 3 1 569 573 - ( i d ) ( n ) 











( n ) z 4 
<i?2>z4 














4 * 4 
F i n a l 
z 4 
82 +7 300 577 578 Punch Z 4 
83 +0 000 000 S t o p 
DATA INPUT 
84 601 6 +2 000 000 0 5 1 <*12 
602 +4 000 000 0 5 1 °<13 
603 +1 000 000 0 5 1 Pl2 
604 +2 000 000 0 5 1 013 
605 +2 647 134 050 ^12 
606 +2 085 728 451 0"l3 
85 607 1 - 1 000 000 050 - 1 . 0 0 0 0 0 0 0 




A P P E N D I X B 
TRIAL 9 
It was observed during the preceding trials, 
especially in trails 1 and 2, that the coupler's resulting 
full range of rotation (£14)» when the mechanism's crank 
was rotated its full range, followed a rather definite 
pattern, depending on the resulting rotation of the 
follower. Therefore, it was decided to investigate what 
effect the assumed range (P 1 4) of tk
e coupler had on the 
resulting range of the follower (tft̂ )• The trial was 
conducted by varying the assumed value of (3 1 4 over a wide 
range, while holding <x 14 and 0X4 constant* The crank and 
the follower generated the given equation, and it was 
desired to cause the resulting value of 0"i4» (to approach 
the assumed value for 0̂ 4)» when the crank was rotated the 
assumed value <X-\A* Whatever value 814 resulted was of 
little concern, so long as it gave a reasonable mechanism. 
The sub-ranges of the crank and the coupler were equal 
divisions of their full assumed ranges. 
Variables: /B14 
Constants: c* ±4* (T14 
Functions: ( 3 1 2 —3 @1 4 
@13 " T ^14 
Functions: °<i2 ""25 °^14 
<<13 " f °<14 
The mechanized funct ion was: 
f (x ) - 3x2 + 5x 5 l x £ 10 
Assumed Ranges: °<i4 ~ 60.0 
@ 14 - 7.5 
crj"4 - 80.0 
Position x f(x) c< A g-' 
1 5.0 100.0 0 0 0 
2 6.6666666 166.66666 20.0 2.50 21.333333 
3 8.3333333 249.99999 40.0 5.0 47.999999 
4 10.0 350.0 60.0 7.50 80.0 
Resul t s : Z2 - -0.10544029 - i 0.15013209 
Z3 - 1.0000000 + i 0 .0 









Figure 6. Mechanism Showing Resultant Follower 
Rotation for p 14 Equal to 7.50 Degrees 
The resulting follower rotation was 95.5 degrees as 
shown. Next, the assumed full range of the coupler ( 8^4) 
was increased to 12.0 degrees, all else remaining the same. 
Assumed Ranges: o<14 - 60.0 
Position x f(x) 
1 5.0 100.0 
2 6.6666666 166.66666 
3 8.3333333 249.99999 
4 10.0 350.0 
P14 - 12.0 
O14 - 80.0 
©< £ V 
0 0 0 
20.0 4 .0 21.333333 
40 .0 8.0 47.999999 





-0.32552396 - i 0,14815410 
1•0000000 + i 0 ,0 
0,12059295 + i 0,16384068 
Zs 
Figure 7, Mechanism Showing Resultant Follower 
Rotation For ^ 1 4 Equal to 12,0 Degrees 
For this mechanism the resulting (JJ4 was much closer to 
the desired (f[± of 80,0 degrees, so this trend of increasing 
{3̂ 4 was continued, with the new assumed value for 
!4 - 21,0 degrees, 
Assumed Ranges; °<14 "* 60.0 
14 - 21.0 
<Tf4 - 80.0 
Position x f(x) 
1 5.0 100.0 
2 6.6666666 166.66666 
3 8.3333333 249.99999 
4 10.0 350.0 n 
o< e 0^ 
0 0 0 
20.0 7 . 0 21.333333 
40.0 14.0 47.999999 
60.0 21.0 80.0 
Results: Z2 - -0.51593345 - i 0.21987505 
Z3 - 1.0000000 + i 0.0 
ZA - 0.15914800 + i .0.24177916 
&S 
Figure 8. Mechanism Showing Resultant Follower 
Rotation For A14 Equals to 21.0 Degrees 
The resulting jj4 was now 80.5 degrees, when the 
crank was rotated the assumed range for <=><•, A o f 60*0 
degrees. This resulting (T̂ 4 was still approaching the 
desired 07^ of 80.0 degrees, so the method was continued, 
The value of (3-14 was next assumed to be 30.0 degrees. 
Assumed Ranges: o<14 ™ 60.0 
£ 1 4 - 30.0 
Ol4 80.0 
Position x f(x) 
1 5.0 100.0 
2 6.6666666 166.66666 
3 8.3333333 249.99999 
4 10.0 350.0 
c* @ cr" 
0 0 0 
20.0 10.0 21.333333 
40.0 20.0 47.999999 
60.0 30.0 80.0 
Results: -0.66796212 - 1 0.25087035 
1.0000000 + 1 0.0 
0.16077999 + 1 0.27454311 
62 
Figure 9. Mechanism Showing Resultant Follower 
Rotation For B,^ Equal to 30.0 Degrees 
The resultant (TĴ  of 80.3 degrees was now very close to 
the desired CT[^ of 80«0 degrees. Therefore, the assumed 
value of the range of the coupler was further increased to 
P^4 of 36.0 degrees. 
Assumed Ranges: c*14 - 60.0 
3 1 4 - 36.0 
0"J4 m 80.0 
Position x f(x) 
1 5.0 100.0 
2 6.6666666 166.66666 
3 8.3333333 249.99999 
4 10.0 350.0 
o< p. tr" 
0 0 0 
20.0 12.0 21.333333 
40.0 24.0 47.999999 
60.0 36.0 80.0 
Results: Z2 - -0.75174948 - i 0.24626717 
Z3 - 1.0000000 + i 0.0 
Z4 - 0.14504296 + i 0.26876128 
Figure 10. Mechanism Showing Resultant Follower 
Rotation For Q 1 4 Equal to 36.0 Degrees 
64 
The resulting (J-Ĵ  of 79,2 degrees was the one which 
had been sought, since it shows that the resulting value 
of <T£̂  has "crossed over" and is now less than the desired 
80.0 degrees. 
Conclusion.—Between 30.0 and 36.0 degrees there lies a 
value for Q 1 4 which will cause the resulting (JY4 to very 
closely approximate the desired value of (7̂ 4 equal to 80.0 
degrees. This value, when found, along with Z2 and Z4, 
would satisfy all three closure equations _T1, J3, and 13, 
and the third order matrix as developed in general terms on 
page 9 would go to zero. In this trial an increase of the 
assumed range of 8^4 caused the resulting (JJ4 to decrease; 
however, it was found in other cases tried that an increase 
in the assumed values for £ M did not always cause a 
decrease in the resulting (T<4» Whether the resulting J^4 
increased or decreased with an increase in A 1 4 depended on 
the equation being mechanized. The values of |914 were 
either increased or decreased, depending on the particular* 
equation, in such a manner as to cause the resulting (T̂ 4 
to approach the desired CTĵ . 
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A P P E N D I X C 
BGPS PROGRAM ORDERS FOR FIVE POSITION CASE 
01 +9 800 001 000 P . P . No. 1 
02 +0 354 701 400 c o s c ^ ^ 
R<*12 
03 +0 353 701 401 i s i n o < 1 2 
04 +0 354 702 402 c o s o < 1 3 
Ro< 13 
05 +0 353 702 403 i s i n © < 1 3 
06 +0 354 703 404 c o s o < 1 4 
Ro< 14 
07 +0 353 703 405 i s in©<i4 
08 +0 354 704 406 c o s p 1 2 
R P 12 
09 +0 353 704 407 i sin p 1 2 
10 +0 354 705 408 cos £ 1 3 
R P l 3 
11 +0 353 705 409 i s i n £ 1 3 
12 +0 354 706 410 c o s £ 1 4 
R 0 1 4 
13 +0 353 706 411 i s i n p 1 4 
14 +0 354 707 412 c o s <rj2 
R°"l2 
15 +0 353 707 413 i s i n <yj2 
16 +0 354 708 414 cos (fi3 
R < r l3 
17 +0 353 708 415 i s i n 0-J3 
18 +0 354 709 416 c o s ( j ^ 
R<Tl4 
19 +0 353 709 417 i s i n (j-J4 
20 +2 400 408 418 ( coso< 1 2)x (
c c , s Pl3 ) " 4 1 8 
21 +2 400 409 419 ( c o s o c ^ x C i s i n ^ 3 ) - 419 
22 +2 401 408 420 ( i s i n ^ 1 2 ) x ( c o s ^ 1 3 ) - 420 
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BOPS PROGRAM ORDERS FOR FIVE 
23 -2 401 409 421 
24 +1 419 420 422 
25 +1 418 421 423 
26 +2 423 416 424 
27 +2 423 417 425 
28 +2 422 416 426 
29 -2 422 417 427 
30 +1 425 426 428 
31 +1 424 427 429 
32 +2 402 410 430 
33 +2 402 411 431 
34 +2 403 410 432 
35 -2 403 411 433 
36 +1 431 432 434 
37 +1 430 433 435 
38 +2 435 412 436 
39 +2 435 413 437 
40 +2 434 412 438 
41 -2 434 413 439 
42 +1 437 438 440 
43 +1 436 439 441 
44 +2 406 414 442 
45 +2 406 415 443 
46 +2 407 414 444 
POSITION CASE (Continued) 
- ( i s in«c 1 2 )x( i s i n a 1 2 ) - 421 
419 + 420 - 422 
418 + 421 - 423 
423 x (cos OJO - 424 
423 x ( i sinOJ4) - 425 
422 x (cos(7J4) - 426 
-422 x ( i s in0^ 3 ) - 427 
425 + 426 - 428 
424 + 427 - 429 
(cosoc13) x (cos^ 1 4 ) - 430 
(cos<^13)x(i s i n £ 1 4 ) - 431 
( i sino<13)x(cosp1 4) - 432 
- ( i sin«x13)x(i s i n p 1 4 ) - 433 
431 + 432 - 434 
430 + 433 - 435 
435 x (coscr^) " 436 
435 x ( i sin<rj2) "
 4 3 7 
434 x (cos 0]^) " 438 
-434 x ( i sin<Tj2> - 439 
437 + 438 - 440 
436 + 439 - 441 
(cos^12)
xCcosffT3) " 4 4 2 
(co8f3]£>x( i sinffj3> - 443 
( i s in^ 1 2)x(cosJi3> - 444 
BGPS PROGRAM ORDERS FOR FIVE 
47 -2 407 415 445 
48 +1 443 444 446 
49 +1 442 445 447 
50 +2 447 404 448 
51 +2 447 405 449 
52 +2 446 404 450 
53 -2 446 405 451 
54 +1 449 450 452 
55 +1 448 451 453 
56 +2 412 408 454 
57 +2 412 409 455 
58 +2 413 408 456 
59 -2 413 409 457 
60 +1 455 456 458 
61 +1 454 457 459 
62 +2 459 404 460 
63 +2 459 405 461 
64 +2 458 404 462 
65 -2 458 405 463 
66 +1 461 462 464 
m +1 460 463 465 
68 -2 901 464 464 
69 -2 901 465 465 
70 4*2 406 402 466 
68 
POSITION CASE (Continued) 
- ( i s i n ^ 1 2 ) x ( i sin<rj3) - 445 
443 + 444 - 446 
442 + 445 - 447 
447 x ( cos« 1 4 ) - 448 
447 x ( i sin<*14) - 449 
446 x (008^4) - 450 
446 x ( i sinoO^) - 451 
449 + 450 - 452 
448 + 451 - 453 
(cos<Jl2)x(cos£i3) - - 454 
(cosff^2) x ( i s i n P l 3 ^ ™ 4 5 5 
( i s in0j2) x ( C Q > s Pl3) " 4 5 ^ 
- ( i B±n^j2)x(± s i n p 1 3 ) - 457 
455 + 456 - 458 
454 + 457 - 459 
459 x (cosoi-^A.) m 460 
459 x ( i sin<x14) - 461 
458 x (coso<i4) - 462 
-458 x (1 sino<14) - 463 
461 + 462 - 464 
460 + 463 - 465 
Change s ign 464 
Change s ign 465 
(c©spx2)x( c o s o <13) " 466 
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BGPS PROGRAM ORDERS FOR FIVE POSITION CASE (Continued) 
(cospjo)*^ sinoc13) - 467 
(i sinp12)
x(co,so<13) " 4®^ 
- ( i s i n p 1 2 ) x ( i s inot^) - 469 
467 + 468 - 470 
466 + 469 - 471 
471 x (cosffj^) - 472 
471 x ( i sin<Jj4) - 473 
470 x (cos 0^4) - 474 
-470 x ( i s in0^ 4 ) - 475 
473 + 47^ - 476 
472 + 475 - 477 
Change s ign at 476 
Change s ign at 477 
(cosecjj^xCcosf^) - 478 
(coso<1 2)x(i s i n p 1 4 ) * 479 
( i s in« 1 2)x (cosp 1 4) « 480 
- ( i sino<i2^xCi s i n e ^ ) - 481 
479 + 480 - 482 
478 + 481 - 483 
483 x (cos<rj3> - 484 
483 x ( i s i n o j 3 ) - 485 
482 x (cos<rJ3) - 486 
-482 x ( i s i n o j 3 ) - 487 
485 + 486 - 488 
71 +2 406 403 467 
72 +2 407 402 468 
73 -2 407 403 469 
74 +1 467 468 470 
75 +1 466 469 471 
76 +2 471 416 472 
77 +2 471 417 473 
78 +2 470 416 474 
79 -2 470 417 475 
80 +1 473 474 476 
81 +1 472 475 477 
82 -2 901 476 476 
83 -2 901 477 477 
84 +2 400 410 478 
85 +2 400 411 479 
86 +2 401 410 480 
87 -2 401 411 481 
88 +1 479 480 482 
89 +1 478 481 483 
90 +2 483 414 484 
91 +2 483 415 485 
92 +2 482 414 486 
93 -2 482 415 487 
94 +1 485 486 488 
BGPS PROGRAM ORDERS FOR FIVE 
95 +1 484 487 489 
96 -2 901 488 488 
97 -2 901 489 489 
98 +1 429 441 490 
99 +1 490 453 491 
100 +1 465 477 492 
101 +1 492 489 493 
102 +1 491 493 494 
103 +1 428 440 495 
104 +1 495 452 496 
105 +1 464 476 497 
106 +1 497 488 498 
107 +1 496 498 499 
108 +2 408 416 500 
109 4-2 408 417 501 
110 +2 409 416 502 
111 -2 409 417 503 
112 +1 501 502 504 
113 +1 500 503 505 
114 +2 406 414 506 
115 +2 406 415 507 
116 +2 407 414 508 
117 -2 407 415 509 
118 +1 507 508 510 
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POSITION CASE (Continued) 
484 + 487 - 489 
Change sign 488 
Change sign 489 
429 + 441 - 490 
490 + 453 - 491 
465 + 477 - 492 
492 + 489 - 493 
N denominator 
428 + 440 - 495 
495 4- 452 + 496 
464 + 476 - 497 
497 + 488 - 498 
171 denominator 
(cos@13)x(cosffJ4) « 500 
(co8£23>x(i s inoj^) - 501 
( i s inp 1 3)x (cosa^ l ) - 502 
- ( i s i n ^ L 3 ) x ( i sinffj4) - 503 
501 + 502 - 504 
500 + 503 «• 505 
(cosp 1 2)
x C C 0 S f f l3) " 506 
( c o s p ^ x C i sin<rj3) - 507 
( i s in§i2) x(c©s(Ji3) - 508 
- ( i s i n £ 1 2 ) x ( i sin<Ff3) - 509 
507 + 508 - 510 
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BGPS PROGRAM ORDERS FOR FIVE POSITION CASE (Continued) 
506 + 509 - 511 119 +1 506 509 511 
120 +2 410 412 512 
121 +2 410 413 513 
122 +2 411 412 514 
123 - 2 411 413 515 
124 +1 513 514 516 
125 +1 512 515 517 
126 +2: 412 408 518 
127 +2 412 409 519 
128 +2 413 408 520 
129 - 2 413 409 521 
130 4-1 519 520 522 
131 +1 518 521 523 
132 - 2 901 522 522 
133 -2 901 523 523 
134 +2 414 410 524 
135 +2 414 411 525 
136 +2 415 410 526 
137 - 2 415 411 527 
138 +1 525 526 528 
139 +1 524 527 529 
140 - 2 901 528 528 
141 - 2 901 529 529 
142 +2 406 416 530 
(cos^ 1 4 )x(cosor2) - 512 
(cospTL4)x(i sintfjg) "
 5 1 3 
( i s i n ^ 1 4 ) x ( c o s org) - 514 
- ( i s i n | 9 1 4 ) x ( i sintfri - 515 
513 + 514 - 516 
512 + 515 - 517 
(coscr j^xC^spis ) " 5 1 8 
(costfr ) x ( i sin|9L„) - 519 
( i sinoj2)x(c©S(31 3) - 520 
- ( i sin<rj2)x(i s i n p 1 3 ) - 521 
519 + 520 - 522 
518 + 521 - 523 
Change s ign at 522 
Change s i g n at 523 
(cosf lr 3 )
x (c©sp 1 4 ) - 524 
(cos<rj3)x(i s i n ^ 1 4 ) - 525 
( i sin<T£3)x(c©S|B14) - 526 
- ( i s in<rj 3 )x( i s i n p 1 4 ) - 527 
525 + 526 - 528 
524 + 527 - 529 
Change s ign 528 
Change s i g n 529 
(cosp-^xCcosO*^) • 530 
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BGPS PROGRAM ORDERS FOR FIVE POSITION CASE (Continued) 
143 +2 406 417 531 
144 +2 407 416 532 
145 -2 407 417 533 
146 +1 531 532 534 
147 +1 530 533 535 
148 -2 901 534 534 
149 -2 901 53 (3 O 535 
150 + 1 505 511 536 
151 +1 536 517 537 
152 +1 523 529 538 
153 +1 538 535 539 
154 +1 537 539 540 
155 +1 504 510 541 
156 +1 541 516 542 
157 +1 522 528 543 
158 +1 543 534 544 
159 +1 542 544 545 
160 +2 540 494 546 
161 -2 540 499 547 
162 +2 545 494 548 
163 +2 545 499 549 
164 +1 547 548 550 
165 •1 546 549 551 
166 +2 494 494 552 
(eos£12)x(i sino^4) - 531 
(i sinp12)
x(cos(,T4) * 5 3 2 
-(i sinp12)x(i sin(T£4) - 533 
531 + 532 - 534 
530 + 533 - 535 
Change sign of 534 
Change sign of 535 
505 + 511 - 536 
536 + 517 - 537 
523 + 529 - 538 
538 + 535 - 539 
Numerator Nz« 
504 + 510 - 541 
541 + 516 - 542 
522 + 528 - 543 
543 + 534 - 544 
Numerator i%5o 
Eliminate (i) from denominator 
-540 x 499 « 547 
545 x 494 - 548 
545 x 499 - 549 
547 + 548 - 550 
546 + 549 - 551 
(494)2 m 552 
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BGPS PROGRAM ORDERS FOR FIVE POSITION CASE (Continued) 
(499)2 - 553 
Final value Denominator 
N 
2 Final Z0 
*n» 
(c©so<12)x(cos(r̂ 4) - 557 
(coso^)x(i sin(T£4) - 558 
( i sinoc12)
x(C G , s^i4) * 5 5 9 
- ( 1 sino<12)x(i sin<TJ4) - 560 
558 + 559 - 561 
557 + 560 - 562 
(cosar3)x(c©so<14) - 563 
(cos<r£3)x(l sino<14) « 564 
( i sin<rr3)x(coso<14) - 565 
- ( 1 s i n 0 J 3 ) x ( i s i n « 1 4 ) - 566 
564 + 565 - §67 
563 + 566 - 568 
(cos<*13)x(c©s<J^2) ™
 5 6 9 
(c©so<13)x(i s incr^)
 m 5 7 ° 
(1 sino<13)x(c©s0Y2) * 571 
(1 s ino( 1 3)x( i s intr^) -
 5?2 
570 + 571 - 573 
569 + 572 - 574 
(cQS(r^2^K(CQS<K\4^ m 5 7 5 
( coso^ 2 )x ( i sino<14) - 576 
( i sin<rj2)
x(c® s <*i4) " 5 7 7 
167 +2 499 499 553 
168 +1 552 553 554 
169 +3 551 554 555 
170 +3 550 554 556 
172 +2 400 416 557 
173 +2 400 417 558 
174 +2 401 416 559 
175 -2 401 417 560 
176 +1 SD O 559 561 
177 +1 557 560 562 
178 +2 414 404 563 
179 +2 414 405 564 
180 +2 415 404 565 
181 -2 415 405 566 
182 +1 564 565 567 
183 +1 563 566 568 
184 +2 402 412 569 
185 +2 402 413 570 
186 +2 403 412 571 
187 -2 403 413 572 
188 +1 570 571 573 
189 +1 569 572 574 
190 +2 412 404 575 
191 +2 412 405 576 
192 +2 413 404 577 
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BGPS PROGRAM ORDERS FOR FIVE 
193 - 2 413 405 578 
194 +1 576 577 579 
195 +1 575 578 580 
196 - 2 901 579 579 
197 - 2 901 580 580 
198 +2 414 400 581 
199 +2 414 401 582 
200 +2 415 400 583 
201 - 2 415 401 584 
202 +1 582 583 585 
203 +1 581 584 586 
204 - 2 901 585 585 
205 - 2 901 586 586 
206 +2 402 416 587 
207 +2 402 417 588 
208 +2 403 416 589 
209 - 2 403 417 590 
210 +1 588 589 591 
211 +1 587 590 592 
212 - 2 901 591 591 
213 - 2 901 592 592 
214 +1 562 568 593 
215 +1 593 574 593 
216 +1 580 586 594 
217 +1 594 592 594 
POSITION CASE (Continued) 
- ( i sin<rjjj)x(jL sino(1 4) « 578 
576 + 577 - 579 
575 + 578 - 580 
Change s ign of 579 
Change s ign of 580 
(cos 05*3)x(coso< 12) "" 581 
(cos<7j3)x(i sinoc-j^) "-582 
( i sin0^'3)x(coso<12) " 583 
- ( i s i n a j 3 ) x ( i sinc*^) " 5 8 4 
582 + 583 - 585 
581 + 584 - 586 
Change s ign of 585 
Change s ign of 586 
(coso<13)x(cos0T4) «• 587 
(cosoc, 3 )x( i sin<rf4) - 588 
( i sinoc )x(cos<T£4) - 5 8 9 
- ( i s incx 1 3 )x( i sin<JJ4) - 590 
588 + 589 - 591 
587 + 590 - 592 
Change s ign of 591 
Change s ign of 592 
562 + 568 - 593 
593 + 574 - 593 
580 + 586 - 594 
594 + 592 - 594 
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BGPS PROGRAM ORDERS FOR FIVE 
218 +1 593 594 594 
219 +1 561 567 595 
220 +1 595 573 595 
221 +1 579 585 596 
222 +1 596 591 596 
223 +1 595 596 596 
224 +2 594 494 597 
225 -2 594 499 598 
226 +2 596 494 599 
227 +2 596 499 600 
228 +1 598 599 601 
229 +1 597 600 602 
230 +3 602 554 603 
231 +3 601 554 604 
233 +2 400 408 605 
234 +2 400 409 606 
235 +2 401 408 607 
236 -2 401 409 608 
237 +1 606 607 607 
238 +1 605 608 608 
239 +2 406 404 609 
240 +2 406 405 610 
241 +2 407 404 611 
242 -2 407 405 612 
POSITION CASE (Continued) 
593 + 594 - 594 
561 + 567 - 595 
595 + 573 - 595 
579 + 585 - 596 
596 + 591 - 596 
595 + 596 - 596 
594 x 494 - 597 
-594 x 499 - 598 
596 x 494 - 599 
596 x 499 - 600 
598 + 599 - 601 
597 + 600 - 602 
N 
2 Z 3 
xfis 
( c o s o ( 1 2 )
x ( c o s ^ l 3 ) " ^05 
(coso< 1 2)x( i s i n p 1 3 ) - 606 
( i s i n o f 1 2 ) x ( c o s ^ 1 3 ) - 607 
- ( i sino<:12)x(i s i n ^ 1 3 ) - 608 
606 + 607 - 607 
605 + 608 - 608 
( C O S J 9 1 2 ) X ( C O S O < 1 4 ) - 609 
( c o s ( 3 1 2 ) x ( i sin<*1 4) - 610 
( i s i n ^ 1 2 )
x ( C O S o < 1 4 ) " 6 1 1 
- ( i s i n p 1 2 ) x ( i sino<1 4) - 612 
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BGPS PROGRAM ORDERS FOR FIVE 
243 +1 610 611 611 
244 +1 609 612 612 
245 +2 402 410 613 
246 +2 402 411 614 
247 +2 403 410 615 
248 -2 403 411 616 
249 +1 614 615 615 
250 +1 613 616 616 
251 +2 408 404 617 
252 +2 408 405 618 
253 +2 409 404 619 
254 -2 409 405 620 
255 +1 618 619 619 
256 +1 617 620 620 
257 -2 901 619 619 
258 -2 901 620 620 
259 +2 410 400 621 
260 +2 410 401 622 
261 +2 411 400 623 
262 -2 411 401 624 
263 +1 622 623 623 
264 +1 621 624 624 
265 -2 901 623 623 
266 -2 901 624 624 
POSITION CASE (Continued) 
610 + 611 - 611 
609 + 612 - 612 
(cosoc13)x(cos^1 4) » 613 
(cos<x1 3)x(i s i n p 1 4 ) - 614 
( i s ino^g)x(c©sp 1 4 ) » 615 
- ( i sino<13)x(i s i n £ 1 4 ) - 616 
614 + 615 - 615 
613 + 616 - 616 
(cosp13)x(coso<14) - 617 
( c o s £ 1 3 ) x ( i sin<*14) - 618 
( i sinp^3)x(coso<14) - 619 
- ( i s i n § ! 3 ) x ( i sino<14) - 620 
618 + 619 - 619 
617 + 620 - 620 
Change s ign of 619 
Change s ign of 620 
(cosp1 4)x(coso<12)
 m 621 
( c o s p 1 4 ) x ( i sinoc-^) " 622 
( i sinp>14)x (coso<i2) - 623 
- ( i s i n p 1 4 ) x ( i sin<*12) - 624 
622 + 623 - 623 
621 + 624 - 624 
Change s i g n of 623 
Change s ign of 624 
77 
BGPS PROGRAM ORDERS FOR FIVE POSITION CASE (Continued) 
267 +2 406 402 625 ( C O S ^ 1 2 ) X ( C O S O < 1 3 ) " 6 2 5 
268 +2 406 403 626 ( c o s p 1 2 ) x ( i sino<13) - 626 
269 +2 407 402 627 ( i s i n ^ 1 2 ) x (coso^g) * 627 
270 - 2 407 403 628 - ( i s i n p 1 2 ) x ( i
 s i n o <i3) " 6 2 8 
2 7 1 +1 626 627 627 626 + 627 - 627 
272 +1 625 628 628 625 + 628 - 628 
273 - 2 901 627 627 Change s ign of 627 
274 - 2 901 628 628 Change s ign of 628 
275 +1 608 612 629 608 + 612 - 629 
276 +1 629 616 629 629 + 616 - 629 
277 +1 620 624 630 620 + 624 - 630 
278 +1 630 628 630 630 + 628 - 630 
279 +1 629 630 630 629 + 630 - 630 
280 +1 607 611 631 607 + 611 - 631 
281 +1 631 615 631 631 + 615 - 631 
282 +1 619 623 632 619 + 623 - 632 
283 +1 632 627 632 632 + 627 - 632 
284 +1 631 632 632 631 + 632 - 632 
285 +2 630 494 633 630 X 494 - 633 
286 - 2 630 499 634 -630 x 499 -- 634 
287 +2 632 494 635 632 X 494 - 635 
288 +2 632 499 636 632 X 499 - 636 
289 +1 634 635 635 634 + 635 - 635 
290 +1 633 636 636 633 + 636 - 636 
78 
BGPS PROGRAM ORDERS FOR 
291 +3 636 554 637 
292 +3 635 554 638 
295 +2 701 711 640 
296 +2 704 711 641 
296a +7 300 641 641 
297 +0 354 640 642 
298 -1 642 901 642 
299 +0 353 640 643 
300 +0 354 641 644 
301 -1 644 901 644 
302 +0 353 641 645 
303 +2 642 555 646 
304 +2 642 556 647 
305 +2 643 555 648 
306 -2 643 556 649 
307 +1 647 648 650 
308 +1 646 649 651 
309 +2 644 603 652 
310 +2 644 604 653 
311 +2 645 603 654 
312 -2 645 604 655 
313 +1 653 654 654 
314 +1 652 655 655 
315 +1 651 655 666 
POSITION CASE (Continued) 
Begin f i n d i n g R e s u l t a n t ff-f5 
Pl5 
Punch ^ g 
COSo<15 
( c o s * 1 5 - 1) 
i s i n e w s 
c o s p 1 5 
( c o s p 1 5 - 1) 
i s i n ^ 1 5 
( c o s o ^ - l ) N 2 - 646 
( c o s o < 1 5 - l ) i ? 2 2 - 647 
( i s i n o ^ N 2 - 648 
- ( i s i n o < 1 5 ) i ^ 2 - 649 
647 + 648 - 650 
646 + 649 - 651 
(cos<3 1 5 - l )N 3 - 652 
( c o s p 1 5 - l ) i ? £ 3 - 653 
( i s i n p 1 5 ) N 3 - 654 
- ( i s in0 1 5 ) i?23 » 655 
653 + 654 - 654 
652 + 655 - 655 
651 + 655 - 666 
BGPS PROGRAM ORDERS FOR FIVE POSITION CASE 
316 +1 650 654 667 
317 -2 901 666 666 
318 -2 901 667 667 
310 +2 637 637 668 
320 +2 638 638 669 
321 •fl 668 669 669 
322 +2 666 637 670 
323 -2 666 638 671 
324 +2 667 637 672 
325 +2 667 638 673 
326 +1 671 672 672 
327 +1 670 673 673 
328 +3 673 669 674 
329 +3 672 669 675 
330 +1 674 901 676 
331 +3 675 676 676 
332 +0 355 676 677 
333 +7 300 677 677 
334 -1 677 710 664 
359 -1 704 713 704 
360 -1 705 714 705 
361 -1 706 715 706 
362 +8 700 664 001 
650 + 654 - 667 
Change sign of 666 
Change sign of 667 
4-
2 668 
( i ^ 4 )
2 - 669 
668 + 669 - 669 
666 x 637 - 670 
-666 x 638 - 671 
667 x 637 « 672 
667 x 638 - 673 
671 + 672 - 672 
670 + 673 - 673 
673 * 669 - 674 
672 * 669 ^675 
674 + 1.0 - 676 
675 * 676 -
Arc tan 676 - 677 
Resultant (jTk 
Punch 0T5 
^Resultant - ̂ Desired 
Reduce ̂ ^ by 4 $12 
Reduce ̂ 1 3 by A ̂ 13 
Reduce (314 by A ^ 4 
Return to P.P.#1 untij 
A0i5<0 
BGPS PROGRAM ORDERS FOR FIVE POSITION CASE pntinu@< 
362a +2 713 902 675 
362b +2 714 902 676 
362c +2 715 902 677 
363 +1 704 675 704 
364 +1 705 676 705 
365 +1 706 677 706 
366 +3 713 905 713 
367 +3 714 905 714 
368 +3 715 905 715 
369 +8 100 004 001 
370 +7 300 555 556 
371 +7 300 603 604 
372 +7 300 637 638 
373 0 000 000 
AjB^ x 2,0 * 
A {313 x 2.0 - 676 
A @ 1 4 x 2o0 - 677 * 
Add 2 x A (3-, 2 back t© (3-̂  
Add 2 x A ^ 3 back to ^ 3 
Add 2 x A @i4 back 
Divide A ̂ 2 fe^ 10 
Divide AP13 by 10 
Divide A(314 by 10 
Return to P.P.#1, 4 
then continue 
Punch Final Z 2 
Punch Final Z-
Punch Final Z, 
Alternate Card For Card No. 334 
334a -1 710 677 664 ^Desired - ̂ Resultant 4015 






701 6 +3 000 000 051 ^12 
702 +6 000 000 051 <*13 
703 +9 000 000 051 <*14 
704 +2 500 000 051 Pl2 
705 +5 000 000 051 ^13 
706 +7 500 000 051 £l4 
707 6 +1 550 000 051 (Jl2 
708 +3 400 00G 051 <?\3 
709 +5 550 000 051 ^14 
710 +8 000 000 051 (ffa desired 
711 44 000 000 050 4 
712 +1 800 000 052 180 degrees 
713 3 +1 000 000 050 1A0 1 2 
714 +2 000 000 050 2 A ^ 
715 +3 000 000 050 3 A p u 
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